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Abstract—A new thickness shear mode vibratory gyroscope 
which employed the thickness shear mode at both the driving 

and sensing electrodes was presented. The thickness shear mode 
shape changed slightly with the Coriolis force, and this change 
could be detected by the sensing electrode separated from the 

driving electrode by an acoustic gap. Vibrating tines normal to 
the plate surface were placed along the acoustic gap. These tines 
were tuned to resonate with the harmonic Coriolis force caused 

by the angular rotation of the plate about its plate thickness axis. 
The change in vibration of the tines with the Coriolis force 

caused a change in charge or voltage at the sensing electrodes. 
Since the AT-cut resonators are known to have good f-T curves 
and long term aging, the new AT-cut gyroscope would have the 

advantages of a highly stable quartz AT-cut resonator.  
I. INTRODUCTION   

In general, vibratory gyroscopes have a main driving mode 
and a sensing mode. When the gyroscope was given an 
angular velocity, the main driving mode was required to 
interact with the angular velocity to produce the harmonic 
Coriolis force that excited the sensing mode. The excitation of 
the sensing mode in turn produced the corresponding change 
in charge or voltage at the sensing electrode. The vibratory 
gyroscopes based on tuning forks are quite successful [1]. 
These gyroscopes, including those based on beams, faced 
some practical problems because their sensing modes were 
easily influenced by the mounting supports and lead 
installation of the sensing element. A vibratory gyroscope 
with a trapped energy thickness mode as the main driving 
mode offered good improvements in terms of frequency 
stability and less dependence on the mounting supports and 
lead installation of the sensing element.  

We propose a new thickness shear mode vibratory 
gyroscope which uses the thickness shear mode at both the 
driving and sensing electrodes. The thickness shear vibrations 
under the sensing electrode are acoustically coupled to the 
thickness shear vibrations under the driving electrode via a 
narrow acoustic gap. The thickness shear mode shape changes 
slightly with the Coriolis force, and this change could be 
detected by the sensing electrode. This new gyroscope is 

based on the sensitivity of the acoustic gap to vibrations of 
tines located at the said acoustic gap. An AT-cut gyroscope 
based on these operational principles would have the 
advantages of a highly stable quartz AT-cut resonator with 
good f-T curves and good long term aging.   

II. QUARTZ AT-CUT MONOLITHIC FILTERS  
The arrangement of two pairs of electrodes in a two-port 

AT-cut monolithic filter is quite similar to that of our new AT-
cut gyroscope. The two-port monolithic filter consists of two 
pairs of electrodes fabricated on a single quartz plate; one pair 
(top and bottom electrodes) is the input while the second pair 
is the output. The spacing of the first pair of electrodes from 
the second pair is the acoustic gap. If the acoustic gap is 
sufficiently large (usually greater than the thickness of the 
resonator), then each pair of electrodes can be regarded as an 
independent energy trapped thickness shear resonator, with 
little or no interaction between the two resonators [2, 3]. 

As the gap between the electrode pairs is reduced, the 
evanescent wave associated with one resonator will extend 
into the region occupied by the other and vice-versa. This can 
be explained in the terms of energy being transmitted from 
one resonator to the other, which results in the acoustic 
coupling between the resonators. Hence, one of the parameters 
for designing the monolithic filter is the acoustic gap.  
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Figure 1.  A quartz AT-cut, two-port monolithic filiter and its dimensions.  

A. Behavior of a  monolithic  filter with respect to the 
varying width of the acoustic gap.    
The performance of a monolithic filter is dependent on the 

energy transition from one electrode pair to another electrode 
pair. This transition of energy is a direct function of the 
acoustic gap between the two electrodes. It is generally known 
that the acoustic gap should not exceed 1.15 times the plate 
thickness of the resonators.  

Fig. 1 shows the dimensions of a 37 MHz, quartz AT-cut, 
monolithic filter, and the placement of the input and output 
electrode pairs separated by a lateral acoustic gap. Free 
vibration analysis was carried out with respect to the width of 
acoustic gap. Plots showing the effects of varying the width of 
acoustic gap on the resonant frequencies would be useful here. 
Fig. 2 has three plots showing the effects of varying the width 
of acoustic gap in the monolithic filter of Fig. 1: (1) the first 
(top) plot shows the frequencies of the resonant modes as a 
function of the width of acoustic gap, (2) the second (middle) 
plot shows the ratio of the energy under the electrodes to the 
total energy  of resonant modes versus the width acoustic gap, 
and (3) the third (bottom) plot shows the ratio of energy in the 
acoustic gap to the total energy of resonant modes versus the 
width of acoustic gap. The middle plot shows the filter 
response in terms of energy trapping, while the bottom plot 
shows the filter response in terms of the relative amount of 
energy in the acoustic gap.  

In the top plot of Fig. 2, a red modal branch is observed 
along with a blue modal branch at a higher frequency. The 
mode shape of the red modal branch is the fundamental filter 
mode shown in the left plot of Fig. 3. The right plot of Fig. 3 
shows overtone filter mode. The vibrations of these filter 
modes are thickness shear vibrations. The middle plot of Fig. 
2 shows that the filter modes have high energy trapping. 
Interestingly, the bandwidth of the filter response is given by 
the frequency difference between the red modal branch and 
the blue modal branch. 

The middle and bottom plots of Fig. 2 show that not all 
acoustic gaps are suitable for a good filter response.  There is a 
range of acoustic gaps from 32 to 35 microns which would 
yield poor filter responses. Fig. 4 shows the different 
frequency responses for acoustic gaps of 25 microns and 30 
microns. The left plot for an acoustic gap of 30 microns shows 
a higher voltage gain when compared to the right plot for an 
acoustic gap of 25 microns. 

In the next section, a new thickness shear mode vibratory 
gyroscope is proposed using the two pairs of electrodes like 
those in the two-port monolithic filter.   

III. A NEW THICKNESS SHEAR MODE VIBRATORY 
GYROSCOPE WITH ACOUSTIC GAPS BETWEEN PAIRS OF 

ELECTRODES  
Fig. 5 shows a 5 MHz quartz AT-cut thickness shear mode 

vibratory gyroscope with two pairs of electrodes separated 
laterally by an acoustic gap. The gyroscope employs the input 
electrode and output electrode of the two-port monolithic filter 
as the driving electrode and sensing electrode, respectively.  

 

 

 
Figure 2.   Frequency of resonant modes, energy trapping ratio, and acoustic 

gap energy versus the acoustic gap width for the two-port filter of Fig. 1.  

  
Figure 3.  Mode shapes of the fundamental filter mode (left), and its first 

overtone filter mode (right) of the two-port monolithic filter of Fig. 1.  
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Figure 4.  Frequency responses for two acoustic gap widths.   

A row of tines are embedded along the acoustic gap. These 
tines could be designed to vibrate at the driving frequency and 
respond to the angular velocity of the gyroscope about its plate 
thickness axis.  

 

Figure 5.  A 5 MHz quartz AT-cut thickness shear gyroscope with a row of 
tines along the acoustic gap between the driving and sensing electrodes.  

A. Governing Equations for the Quartz AT-cut Thickness 
Shear gyroscope 
The three-dimensional governing equations for 

piezoelectricity for quartz with mechanical damping and 
resistance in current conduction by Lee, Liu and Ballato [4] 
are employed in the modeling of the AT-cut gyroscope. 

1) Strain-Displacement Equationss:     

( )ijjiij uuE ,,2
1 +=   (1) 

2) Stress-Strain Constitutive Equaitons:  

klijklppijklijklij EeECT ηφ ++= ,  (2) 

3) Electrostatic Constitutive Equations:  

kikqiqi EeD ,φε−=   (3) 

kikiJ ,φσ−=   (4) 

4) Stress Equations of Motion:  

ijij UT ρ=,   (5) 

5) Charge Equations:  

0,, =+ iiii JD   (6) 

In these equations, ijE  is the strain, ijT is the stress, iu is the 

mechanical displacement, iD  is the electric flux density and 
φ is the electric potential. ijklC are the elastic stiffness 
constants at constant electric field, pije  are the piezoelectric 

stress constants, ikε are the dielectric permittivities, and 
ρ is the mass density. Also, in these equations, iJ  is the 

current density, ijklη are the viscosity coefficients, ikσ are 

the electric conductivities, and klE is the strain rate. The 
materials values of the viscosity coefficients ijklη were 
measured by Lamb and Richter [5], while those of the electric 
conductivities ikσ  for the AT-cut quartz were estimated by 
Lee, Liu, and Ballato [4].  

The analysis of gyroscopes using finite elements is well 
established; the paper by Kagawa, Tsuchiya, and Kawashima 
[6] provides a good reference. The weak form of the above set 
of equations was formulated and implemented in the finite 
element software COMSOL Multiphysics.  

B. Gyroscope in Angular Velocity – Coriolis Force 
When the gyroscope vibrates at a constant frequency ,ω  

all its material points vibrate with displacements tjexu ω)(  
where ),,,( zyx uuuu =  are the displacement magnitudes 
at the spatial location ).,,(),,( 321 xxxzyxx ==  When 
the gyroscope is rotated about its plate thickness axis ( y-axis) 
with an angular velocity ,Ω a Coriolis body force is 
generated at all the material points with velocities 

tjexuj ωω )( :  
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We note that the Coriolis body forces in (7) are also harmonic 
at the frequency ω which is also the driving frequency of the 
gyroscope. Here in (7) the centrifugal force was neglected 
since Ω>>ω . 

IV. VIBRATIONS OF THE TINES ALONG THE ACOUSTIC GAP 
The tines are prismatic bars normal to the plate surface and 

embedded along the acoustic gap. They are essential for 
detecting the angular rotation of the gyroscope about its plate 
thickness axis. They must be designed to resonate at the 
driving frequency ω  which is the frequency of the 
fundamental filter mode. When the gyroscope is angularly 
rotated about its y-axis, and the tines vibrate in the z direction, 
then a body Coriolis force bx given by the first equation of (7) 
is generated in the tines. The tines, in order to sense this 
angular velocity ,Ω must have a sensing mode with a mode 
shape similar to the Coriolis force bx, and a frequency as close 
as possible to the driving frequency. Similarly, if the tines 
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vibrate in the x direction, a body Coriolis force bz given by the 
third equation of (7) is generated in the tines; and the tines, in 
order to sense the angular velocity ,Ω must have a sensing 
mode with a mode shape similar to the Coriolis force bz, and a 
frequency as close as possible to the driving frequency.  

Fig. 6 shows the fundamental filter mode (driving) mode 
of the gyroscope of Fig. 5 at the driving frequency of 4.857 
MHz. The tines vibrate predominantly in the z-direction; 
however there is also an x-direction displacement component 
as shown by the color contours. Fig. 7 shows the sensing 
mode at 4.856 MHz where the tines also vibrate 
predominantly in the z-direction with an x-direction 
displacement component shown by the contour colors. The 
difference between the driving and sensing modal frequencies 
is about 1 KHz. This configuration of the tines and plate 
resonator represents a novel  vibratory gyroscope.  

 

Figure 6.  Mode shape of the gyroscope at the driving frequency of 4.857 
MHz. Tines have large displacement magnitudes in the x- and z-directions. 

 

Figure 7.  Mode shape of the gyroscope at the sensing frequency of 4.856 
MHz. Tines have large displacement magnitudes in the x- and z-directions. 

A. Free Vibration Analysis of the Gyroscope for Various 
Geometries of the Tines  
Free vibration analysis was performed on the 5.0 MHz 

gyroscope with tines (Fig. 5) using the tines dimensions as 
parameters. The analysis is needed for determining tines 
dimensions which yield suitable resonant modes with 
frequencies close to the thickness shear mode frequency. In 
the next three figures, the effects of the width, length and 
height dimensions of the tines are investigated. 

Fig. 8 shows the frequencies of resonant modes in the 
vicinity of the fundamental and first overtone filter modes 
(red) for width of acoustic gap varying from 0.1 mm to 0.5 
mm. This figure shows that the acoustic gap widths greater 
than 0.34 mm are not useful for the gyroscope because the 
fundamental filter mode is poorly defined, and not well energy 
trapped. The figure is also useful for determining the tines 
modes (green) which have resonant frequencies close to the 
frequency of the fundamental filter mode: these occur at 
locations where the modal branches for the tines cross the 
modal branch of the fundamental filter mode.  

 

Figure 8.  Frequencies of resonant modes versus the width of acoustic gap. 
The length (x-dimension) and height (y-dimension) of the tines are fixed at  

0.2 mm, and 0.337 mm, respectively.   

Fig. 9 shows the frequencies of resonant modes in the 
vicinity of the fundamental and first overtone filter modes 
(red) for length (x-dimension) of tines varying from 0.15 mm 
to 0.4 mm. This figure shows that for tines length of 0.32 mm 
to 0.33 mm the fundamental filter mode is not well defined 
due to the strong modal interactions. The figure is also useful 
for determining the tines modes (green) which have resonant 
frequencies close to the fundamental filter mode frequency. 

 

Figure 9.  Frequencies of resonant modes versus the length (x-dimension) of 
the tines.  The acoustic gap width (z-dimension) and height (y-dimension) of 

the tines are fixed at 0.09 mm, and 0.337 mm, respectively.  

Fig. 10 shows the resonant modes in the vicinity of the 
fundamental filter mode (red) for height (y-dimension) of tines 
varying from 0.24 mm to 0.26 mm. The figure is useful for 
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determining the suitable tines modes (green) which have 
resonant frequencies close to the frequency of the fundamental 
filter mode.   

By employing the plots like those from Figs. 8, 9 and 10 
we can find the dimensions of tines which would yield strong 
sensing responses at the driving frequency of the gyroscope.  

 

Figure 10.  Frequencies of resonant modes versus the height (y-dimension) of 
the tines.  The acoustic gap width (z-dimension) and length (x-dimension) of 

the tines are fixed at 0.058 mm, and 0.2  mm, respectively. 

V. FREQUENCY RESPONSE ANALYSIS OF THE QUARTZ AT-
CUT GYROSCOPE WITH TINES  

A forced vibration analysis, or frequency response 
analysis, of the gyroscope is required in order to study the 
feasibility of the new gyroscope. The analysis was carried out 
in two steps: (a) the forced vibration of the gyroscope without 
angular velocity (no Coriolis force), and (b) forced vibration 
of the gyroscope with angular velocity (with Coriolis force). 
The difference in charge or voltage at the sensing electrode 
between step (a) and step (b) gives the response of the 
gyroscope to the angular velocity.  

The frequency responses of three different heights of the 
tines were investigated for the short circuit and open circuit 
conditions at the sensing electrode. For the short circuit 
condition, the charge at the sensing electrode was calculated; 
while for the open circuit condition, the voltage at the sensing 
electrode was calculated. The table below shows the three sets 
of tines dimensions.  

TABLE I.  THREE SETS OF TINES DIMENSIONS 

Dimensions of the tines 
Set acoustic gap, mm 

z-dimension 
Length, mm 
 x-dimension 

Height, mm 
y-dimension 

A 0.058 0.2 0.2516 

B 0.058 0.2 0.2518 

C 0.058 0.2 0.252 

 

Fig. 11 shows the gyroscope frequency responses without 
Coriolis force in terms of the charge at sensing electrode 
versus the excitation frequency. The driving and sensing mode 

responses for each tine height are noted on the plot. We 
observe that for the tine height of 0.2518 mm the driving and 
sensing mode frequencies are the closest to each other. When 
an angular velocity of 60 deg./s was applied, there were small 
changes in the charge at sensing electrode. Fig. 12 shows the 
change in magnitude of the charge at sensing electrode, and 
we observe that for the tine height of 0.2518 mm the change in 
magnitude of charge is the greatest.  

 

Figure 11.  Gyroscope frequency response of the charge at the sensing 
electrode (no angular velocity).  

 

Figure 12.  Change in magnitude of charge at the sensing electrode due to an 
angular velocity of 60 deg./s 

Fig. 13 shows the gyroscope frequency responses without 
Coriolis force in terms of voltage at the sensing electrode 
versus the excitation frequency. We observe that for the tine 
height of 0.2516 mm the driving and sensing mode 
frequencies are the closest to each other. When an angular 
velocity of 60 deg./s was applied, there were small changes in 
the voltage at the sensing electrode. Fig. 14 shows the change 
in magnitude of voltage at the sensing electrode, and we 
observe that for the tine height of 0.2516 mm the change in 
magnitude of voltage is the greatest.  

Figs. 12 and 14 show that the closer the frequency of tines 
sensing mode is to the frequency of gyroscope driving mode, 
the stronger the gyroscope responds to an angular velocity.     
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Figure 13.  Gyroscope frequency response of the voltage at the sensing 
electrode (no angular velocity).  

 

Figure 14.  Change in magnitude of voltage at the sensing electrode due to an 
angular velocity of 60 deg./s   

VI. SENSITIVITY OF THE GYROSCOPE   
A useful parameter for determining the feasibility of a 

gyroscope is its sensitivity to the angular velocity. We could 
also determine whether the sensitivity curve is linear. The 
sensitivity in change of charge and voltage was investigated 
with respect to the angular velocity. Fig. 15 shows the 
sensitivity in change of charge of the gyroscope Set B with 
respect to angular velocity, and a sensitivity of 8.33x10-20 
C/deg./s was obtained. Fig. 16 shows the sensitivity in change 
of voltage of the gyroscope Set B with respect to angular 
velocity, and a sensitivity of  3.33x10-8 V/deg./s was obtained.  

VII. SUMMARY AND CONCLUSION  
A new thickness shear mode vibratory gyroscope which 

employed the thickness shear mode at both the driving and 
sensing electrodes was presented.  The driving and sensing 
electrodes operate in a similar principle to the input and output 
electrodes, respectively, of a two-port monolithic filter. The 
thickness shear mode shape changed slightly with the Coriolis 
force produced by vibrating tines placed along the acoustic 
gap.  Free vibration analysis was performed to determine the 
suitable dimensions of tines. Forced vibration analysis was 
performed to determine the gyroscope response and its 

sensitivity. The 5 MHz AT-cut gyroscope was found to 
respond to the angular velocity, however the sensitivity was 
found to be small.  Better sensing and driving modes of the 
tines are needed to increase the gyroscope response. 

 

Figure 15.  Sensitivity in the change of charge of gyroscope Set B with 
respect to angular velocity.    

 

Figure 16.  Sensitivity  in the change of voltage of gyroscope Set B with 
respect to angular velocity.   
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